The influence of a higher harmonic rf system was considered previously(l) but was treated as a non-accelerating system. This note treats the higher harmonic system more generally and treats the non-linear synchrotron oscillations without the use of a power series expansion.
v (4)) (1) where 4>1 the synchronous phase of the main rf system 4>2 = the synchronous phase of the n-th harmonic rf system V1 = the peak voltage of the main rf system kV 1 the peak voltage of the n-th harmonic rf system.
The longitudinal equation of motion (2) is given by (2 ) where U o the average synchrotron radiation loss per turn and is the small amplitude synchrotron frequency for the main rf system alone, with synchronous phase ~I' Equation (2) can be integrated over ~ to give the Hamiltonian
The bunch current will be given by (3) i( ~)
The bunch length will be a maximum and have a symmetric distribution if the 
If insufficient voltage is available from the higher harmonic system (to solve both Eqs. (5) and (6)), then Eq. (6) alone can be solved to provide longer symmetric bunches than would be possible from the main rf system. For this condition, Eqs. (6) and (7) become and -Uo
Note that these conditions require a minimum voltage from the higher harmonic system of kV 1 > U o /(n 2 -1) and V 1 > u o n 2 /(n 2 -1). If the voltage available from the higher harmonic system is large enough, the maximum bunch lengthening can be achieved by satisfying the constraints given by Eqs. the current profile for the bunch with two-rf systems isn't Gaussian, the bunch length is determined by taking the same fractional current height, e-0 • 5 • The zero current bunch length for a single rf system is crt ~ 0.6 cm, while the maximum length is(Ot)max = 3.3 cm. Figure 3 shows the rf bucket (separatrix) and the (bi, ~) trajectory for the natural energy spread dE/E 0.096%. Figure 4 shows the calculated synchrotron frequency for this double rf system.
In the CDR-'87, V 2 = 1.8 MV limits the bunch lengthening to that shown in Figs. 5 and 6. If the synchronous phase of the second rf system is maintained at zero (no power transfer from the beam) the bunch length is shown in Fig. 7 and is more asymmetric at the larger phase shifts than the case in Fig. 5 . The synchrotron frequency for this case is shown in Fig. 8 . Table I summarizes the effect of the third harmonic system on bunch length and f s • Notice that for a fixed V 1 , the bucket height is actually reduced; consequently, V 1 should be increased to maintain a constant beam lifetime.
However, the 6E/E bucket height of 2% was required to provide for a factor of three increase in bunch length due to turbulent bunch lengthening. The second rf system provides the bunch lengthening required without increasing the energy spread as much as this factor of 3, consequently the 1.8% bucket height should be more than adequate for sufficient lifetime. Table I RF Systems for U o = 6.9 MeV/Turn with V 1 = 9.5 MV 
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where I and I are the peak current in the bunch, and the impedances are p p expressed as peak impedance of a broadband resonator with cutoff frequency Wc = ~r = 21Tfo n. In these expressions, the peak current is independent of the bunch length and only depends on the natural energy spread and the impedance at the cutoff frequency. Then bunch lengthening from the high harmonic system yields an increase in the average current per bunch given by the ratio of integrals of the two bunch profiles shown in Fig. 2 . Figure 9 shows the dependence of the gain in the average bunch current for a double rf system relative to that from a single rf system with the same peak current, as a function of the voltage from the third harmonic system. The maximum gain in the average current is obtained for V 2 = 2.0 MV and is 4.8 times that obtained with the single rf system.
The transverse coupled-mode instability has been observed as limiting the single-bunch current in several high-energy-storage electron rings. The increase in bunch length by a higher harmonic system has been shown to yield a factor of five increase in this current limit in PETRA. (5) Since most analyses of the coupled-mode instability assume Gaussian distributions, the gain in this threshold current will be treated in a future note.
Bunch Shortening for the APS
In addition to lengthening of the bunch, the higher harmonic system can also be used to shorten the bunch for experiments that require shorter pulses of synchrotron lights. The maximum bunch shortening is obtained by setting the second derivative of V(~) equal to zero at ~=O. This is the same as Eq. (9) but with the solution
which maximizes dV/dt at ~=O. In this case, the voltage can be approximated by a linear dependence in ~ and the synchrotron frequency approximated by the small amplitude frequency given by Then the bunch length (rms pulse duration) is given by a (crEE) crT = 2nf s where crE/E is the natural energy spread. Figure 10 shows the dependence of crT on the rf voltage from a third harmonic system. In this calculation, VI = 9.5 MV was assumed and therefore the bucket height increased as V2 was raised. In the bunch shortening mode, power must be supplied by the third harmonic system. For the case with V2 = 1.8 MV, crT = 15.5 ps, and the power given to the beam is 8.6 kW for a 10-rnA beam current. The average current per bunch in this mode of very short bunches will be quite small due to transverse instabilities and also to prevent longitudinal turbulence from lengthening the bunch. The total current will then depend on the users requirement for the dark time between light pulses. 8 
Conclusion
The addition of a higher harmonic rf system provides an independent and efficient means of varying the bunch length either longer or shorter than that possible from the main rf system. The main rf system provides most of the power to the beam to counter the synchrotron radiation losses. In the bunch lengthening mode, the only power required from the higher harmonic system is to determine the phase of the rf voltage, but power is actually absorbed from the beam toward the generator. Consequently, a circulator and high-power load are required for this system. In the bunch shortening mode, power must be provided by the generator to the beam. This power may be small, since the average currents in this mode will probably be significantly smaller than in the single rf system case.
The system specified in CDR'87 can provide for a factor of 2.3 increase in the rms bunch length or a 20% reduction in the rms bunch length. In the bunch lengthening, the increase in single bunch current will be almost a factor of 3 for the turbulent instability limit. The increase in Landau damping due to synchrotron tune spread will provide an increase in bunch and total current for the coupled-mode instabilities.
Phase stability of the third harmonic system relative to the main rf will be critical, especially during injection. This has been handled at PETRA by developing a feedback system to detect the bunch asymmetry and correcting ~2 by this signal. (5) In the bunch shortening mode, this phase stability will be more critical and may require a different detector system, for example, to detect high frequency bunch motion in a dispersive section. 
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